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ABSTRACT The plasma membrane electrical activities of neurons that secrete gonadotropin-releasing hormone (GnRH) have
been studied extensively. A couple of mathematical models have been developed previously to explain different aspects of these
activities. The goal of this article is to develop a single model that accounts for the previously modeled experimental results
and some more recent results that have not been accounted for. The latter includes two types of membrane potential bursting
mechanisms and their associated cytosolic calcium oscillations. One bursting mechanism has not been reported in experiments
and is thus regarded as amodel prediction. Although themodel is mainly based on data collected in immortalized GnRH cell lines,
it is capable of explaining some properties of GnRH neurons observed in several other preparations including mature GnRH
neurons in hypothalamic slices. We present a spatial model that incorporates a detailed description of calcium dynamics in
a three-dimensional cell body with the ion channels evenly distributed on the cell surface. A phenomenological reduction of the
spatial model into a simpliﬁed form is also presented. The simpliﬁedmodel will facilitate the study of the roles of plasmamembrane
electrical activities in the pulsatile release of GnRH.INTRODUCTION
The regulation of reproductive function is controlled by
a pulsatile signal of gonadotropin-releasing hormone
(GnRH). In rhesus monkey, GnRH pulses with a period of
~1 h are both necessary and sufficient for sexual maturation
and fertility (1). GnRH is synthesized and secreted by a few
hundredGnRHneurons that collectively produce the pulsatile
rhythm with a species-specific period ranging from 30 min to
~1 h. This is achieved with few synaptic connections between
GnRH neurons (2). Observations of the calcium oscillations
in placode-derived GnRH neurons suggest that their plasma
membrane electrical activities are not synchronized most of
the time except for a brief period of a few minutes once per
hour in rhesus monkey (3) and once per 20 min in mice (4).
A recently proposed mechanism for GnRH pulsatility, auto-
crine regulation, was revealed in cultured hypothalamic tissue
(5), placode-derived GnRH neurons (6), and immortalized
embryonic GnRH neurons (7,6) and mathematically modeled
in the literature (8,9). This study is aimed at developing
a mathematical model of reduced complexity that describes
the plasma membrane (PM) electrical activities and calcium
handling of a GnRH neuron, with an emphasis on second
messenger signaling and Ca2þ oscillations. This will facilitate
the integration of this model to models of other parts of the
GnRH neuron that we believe are directly responsible for
the generation of the GnRH rhythm.
Two pioneering physiological models of the electrical
activities of GnRH neurons have been developed (10,11).
Thefirstwas aimed atmodeling the ionic basis of actionpoten-
tials (APs), whereas the second was focused mainly on the
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cological stimuli. The twomodels are not identical and exhibit
qualitatively different bifurcation structures. As a result, the
second model does not reproduce all the results of the first
one for the published set of parameter values. We here
construct an integrated and simplified version of the calcium
dynamics and electrical activities of GnRH neurons. The new
model is capable of consistently reproducing all the experi-
mental results explained previously, as well as some important
recent experiments the previous models did not reproduce.
Thismodel contains a reduced number of ionic currents and
gating variables. The intracellular calcium compartments
number is reduced from four to two, and a more realistic
description of Ca2þ dynamics is adopted, including the diffu-
sion of Ca2þ inside both the endoplasmic reticulum (ER) and
cytosolic spaces. This gives rise to a system of two partial
differential equations (PDEs) describing the cytosolic and
ER Ca2þ concentrations ([Ca2þ]i and [Ca
2þ]ER) with time-
dependent boundary conditions. The addition of ER Ca2þ
release through a realistic model of IP3 receptor (IP3R) chan-
nels allows for the occurrence of IP3-dependent [Ca
2þ]i oscil-
lations, such as those recently observed in mature GnRH
neurons (12). Themodel also predicts another type of bursting
that involves the store-operated Ca2þ current (ISOC). We
propose a phenomenological simplification of the PDEmodel
into a model described by a system of ordinary differential
equations that retain the important features of the PDEmodel.
EXPERIMENTAL OBSERVATIONS TO BE
REPRODUCED
A list of experimental observations that the model is aimed at
reproducing is presented below (E1–E5):
doi: 10.1016/j.bpj.2009.03.037
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neous firing of narrow, Naþ current-dominated APs at
frequencies between 0.5 and 1 Hz. A depolarizing
current injection triggers higher frequency spikes with
decreased amplitudes (reduced peaks and elevated base-
lines), broader width, and higher Ca2þ entry (10,13,14).
E2. A large dose of GnRH induces a broad pulse of Ca2þ
release from the ER (Fig. 1 A). The response is divided
into two phases. The first is characterized by a transient
hyperpolarization of ~14 mV that lasts ~15 s. Apamin
and calcium buffers abolish this hyperpolarization,
suggesting that the small-conductance and calcium-
sensitive Kþ channels (SK) are responsible (11,13,15).
The second phase is characterized by a [Ca2þ]i plateau
and increased AP firing frequency relative to prestimulus
levels, most likely due to enhanced store-operated Ca2þ
entry (SOCE) (11,15).
E3. Thapsigargin (Tg), an inhibitor of the sarco- and ER
calcium ATPase (SERCA), causes a slow increase in
FIGURE 1 Simultaneous recording of V and whole-cell [Ca2þ] of GT1
neurons after the application of (A) GnRH followed by apamin; and (B)
Tg followed by apamin. Modified from Van Goor et al. (15). (Original
artwork kindly provided by Stanko Stojilkovic. Copyright (1999) National
Academy of Sciences, U.S.A.)[Ca2þ]i. The AP firing rate transiently increases then
decreases before ultimately rising to a level much higher
than prestimulus levels (Fig. 1 B). This increase in
frequency is best explained by enhanced SOCE
(11,15). The deepened after hyperpolarization (AHP)
after each spike is due to SK currents since apamin abol-
ishes it, resulting in even higher AP frequency (15).
These SK-dependent AHPs clearly indicate that SK
channels respond to Ca2þ signals that vary as rapidly
as the membrane potential, and not the whole-cell
Ca2þ concentration ([Ca2þ]).
E4. Activation of adenylyl cyclase by forskolin increases
AP firing rate (11,14) and causes cytosolics Ca2þ accu-
mulation of up to a few hundred nM (16,17).
E5. Burst firing patterns with variable burst durations
(~1–20 s) have been reported in GnRH neurons
(2,18–20). Spontaneous [Ca2þ]i oscillations have also
been observed (3,4,12,21). In GT1 neurons, these oscil-
lations are characterized by 1–30 s duration, 3–120 s
period, and 100–350 nM amplitude (21). Recently,
IP3-dependent [Ca
2þ]i oscillations have also been re-
ported (12).
Our model is capable of reproducing all the observed
experimental results listed above. E1–E4 are reproduced
with mechanisms similar to those proposed by LeBeau
et al. (11). E5 occurs as a direct consequence of the mecha-
nisms already present in the model. Therefore, modeling
results related to E5 should be regarded as model predictions
until the underlying mechanisms are confirmed or rejected
by experiments.
THE MODEL
Based on the two previous models, we aim to construct an integrated model
with more-realistic Ca2þ dynamics and a reduced number of currents and
gating variables. The rapid time-variation in apamin-sensitive AHPs
suggests that SK channels follow variations of [Ca2þ]i near the PM (shell
[Ca2þ]), but not the bulk [Ca2þ] in the whole cell. These fast time-variations
of [Ca2þ]i occur because Ca
2þ only enters the cell across the PM and then
slowly diffuses into deeper parts of the cell. LeBeau et al. (11) achieved
the separation between the shell and the bulk [Ca2þ] by splitting the cytosol
and the ER each into two distinct compartments, giving rise to a four-
compartment model for intracellular [Ca2þ]. This model reproduced fast
variations of the shell [Ca2þ] during APs. However, owing to the hypothe-
sized diffusive coupling between the shell and the bulk compartments, the
contribution of the total amount of Ca2þ entry on the bulk [Ca2þ] is not
correctly accounted for.
Fig. 2 shows a schematic diagram of this model. We consider a single
spherical soma with two compartments only—the cytosol and the ER.
Both compartments are assumed to exist at every space point inside the
cell, giving rise to a bidomain model (for details, see (22)). At the PM, elec-
trical activity drives Ca2þ ions into the cytosol through Ca2þ channels,
whereas Ca2þ ions are extruded by the plasma membrane Ca2þ ATPases
(PMCAs) and sodium-calcium exchangers (NCXs). There is no direct
path for Ca2þ to enter the ER from the extracellular space. The cytosol
and ER are separated by the ER membrane, which contains IP3R channels,
SERCAs, and a nonspecific calcium leak. This approach retains a correct
account of the amount of Ca2þ entry into the cell and generates a realistic
[Ca2þ] profile in the whole cell including the shell area. It also eliminatesBiophysical Journal 96(11) 4514–4524
4516 Fletcher and Lithe arbitrariness of introducing two coupling constants between the bulk and
shell compartments. Parameters and functions not listed here are defined in
detail in the Supporting Material. The Ca2þ dynamics are governed by the
PDEs and boundary conditions,
vC
vt
¼ fcyt
Vcyt

jrel  jref
 þ DV2C in cytosol; (1)
vCe
vt
¼ fER
VER

jref  jrel
 þ DERV2Ce in ER; (2)
Do
vC
vr

r¼R
¼ jin  jout; vCe
vr

r¼R
¼ 0 at cell surface; (3)
where C and Ce represent the [Ca
2þ]i and [Ca
2þ]ER, respectively, and are
functions of spatial location and time. The local flux densities jrel and jref,
describe Ca2þ release from the ER through the IP3R channel and a passive
leak and the uptake into the ER by SERCAs, respectively. The IP3R channels
are modeled based on the Li-Rinzel formulation of the De Young-Keizer
model (23). The fluxes jin and jout represent Ca
2þ entry and extrusion at the
PM. jin is determined by three ionic currents: ICaL, ISOC, and INSC, which
are described in Supporting Material. Notice that Ca2þ influx and efflux at
the PM are treated as the boundary conditions. By assuming spherical
symmetry, the PDEs are reduced to a quasi-one-dimensional model with
the radius r as the spatial variable. This approach has been adopted previously
in a model of PM electrical activities in pituitary gonadotrophs (24).
Buffering in the cytosol and ER is rapid and is accounted for by scaling
the calcium fluxes by fcyt or fER, the fraction of free calcium ions in the
cytosol and ER, respectively (both 0.01in this study). D and Do are the
Ca2þ diffusion coefficients in the cytosol and a buffer-free medium (15
FIGURE 2 Diagram of the model. G-protein coupled receptors (GPCR)
alter intracellular levels of IP3 and cAMP. IP3 activates Ca
2þ release from
the ER via IP3R channels (IP3R), and cAMP activates nonspecific cation
(NSC) channels. Cytosolic Ca2þ activates SK channels, and ER Ca2þ
inhibits SOC channels. The direction of the Ca2þfluxes jin, jout, jref, and
jrel are indicated with arrows. See The Model section for more details. Na,
TTX-sensitive Naþ channel; Kdr, delayed rectifier Kþ channel; Kir, inward
rectifier Kþ channel; and CaL, L-type Ca2þ channel.Biophysical Journal 96(11) 4514–4524and 300 mm2 s1 (25)), and DER is the Ca
2þ diffusion coefficient in the
ER (1 mm2 s1). In this model, the shell [Ca2þ] is represented by CR ¼
C(r, t)jr¼R, and the whole cell [Ca2þ]c is represented by the spatial average
of C(r, t), Cav ¼ ð3=R3Þ
Rr
0
Cðr; tÞr2dr. Cav best approximates the [Ca2þ]i
levels that are observable experimentally by whole-cell calcium imaging.
The membrane electrical activity is governed by
Cm
dV
dt
¼ Iapp  ðINa þ ICaL þ IK þ Iir þ INSC þ ISK
þ ISOCÞ:
(4)
Here, INa is a TTX-sensitive Na
þ current, ICaL is an L-type Ca
2þ current, IK
is a delayed rectifier Kþ current, Iir is an inward rectifier K
þ current, and ISK
represents a small-conductance calcium-activated Kþ current. Iapp is zero
unless otherwise stated. INSC represents a cAMP-activated, nonspecific
cation current that replaces Id in LeBeau et al. (11). The latter includes
calcium-dependent inactivation and time-dependent gating, which we found
to be unnecessary for reproducing the desired results. The effector of the ad-
enylyl cyclase pathway on membrane excitability is unknown. We here
assume that the conductance of INSC is a cAMP-dependent constant and is
independent of [Ca2þ]i (see Supporting Material for details). ISOC represents
a store-operated calcium current that is inhibited by high Ce(R). The mole-
cule responsible for sensing [Ca2þ]ER during SOCE is STIM1, and the inter-
action of STIM1 with pore-forming proteins at the membrane is required for
SOCE (for a review, see (26)). For simplicity, we neglect these details of the
mechanism for SOCE, and assume that ISOC is activated as the reciprocal of
a Hill function of Ce(R) with a Hill coefficient of 4. A direct consequence of
a smooth functional dependence of ISOC on Ce(R) is that, at equilibrium,
there is always a residual level of ISOC that influences the spiking activity.
Such a residual level of ISOC can be reduced by making the sigmoidal Hill
function steeper. The currents in Eq. 4 are qualitatively similar to the corre-
sponding currents in previous models, although INa and INSC are expressed
in simpler forms. We omitted the M-type Kþ channel and T-type Ca2þ
channel since, although they have been shown to exist in these neurons,
they turned out to be nonessential for the results presented here.
RESULTS
Responses to current injections
The model exhibits spontaneous low frequency spiking
(~0.7 Hz) with AP amplitude of ~75 mV and duration of
~9 ms (Fig. 3). With 5 and 15 pA depolarizing current injec-
tion, amplitude decreased from 75 mV to 62 and 44 mV,
frequency rose to 15 and 22 Hz, and duration rose to 12
and 15 ms, respectively (Fig. 3, A and B). The amount of
Ca2þ entry per spike is increased as the spike width increases
(data not shown). These results are consistent with the obser-
vations described in E1.
The mechanism underlying the depolarization-induced
shift from narrow Naþ-dominated to broader Ca2þ-domi-
nated spikes is often encountered (see, e.g., (10).). During
spikes at elevated baseline potential, Naþ channels do not
have time to recover from inactivation. This reduces the rela-
tive contribution of the INa in spike generation. To achieve
this result, a Hodgkin and Huxley-like model of INa is suffi-
cient. The inactivation variable for INa, h, is plotted in Fig. 3C
as a function of the membrane potential. During the course
of an AP, h travels clockwise along the trajectories. In spon-
taneous APs, h is high during the rising phase, indicating
Modeling GnRH Neuron Electrophysiology 4517FIGURE 3 (A) Membrane potential response to current
injections. (B) Membrane potential waveforms, (C) inacti-
vation gating variable h, and (D) INa for selected spikes
labeled a–c in panel A. Note that in panel C, h is plotted
as a function of V, so that h travels clockwise during
each spike.high recovery from inactivation. In the presence of a depola-
rizing current, less time is spent in a hyperpolarized state and
the value of h during the rising phase of the APs is reduced.
As a result, there is a two- and fivefold reduction in INa when
5 and 15 pA of current is injected, respectively (Fig. 3 D).
Responses to GnRH
The voltage and calcium responses of GnRH neurons to
GnRH stimulation outlined in E2 are reproduced by the
model (see Fig. 4). GnRH application is modeled as a global
rise in IP3 concentration from 0.01 mM to 1 mMwith an expo-
nential time course, as described in the caption of Fig. 4. Sucha rise in IP3 causes Ca
2þ release from the ER stores every-
where in the cell (Fig. 4 C). The rising phase in [Ca2þ]i is
due to the fast activation of IP3R channels by IP3 and
[Ca2þ]i. As [Ca
2þ]i increases, SK channels are activated re-
sulting in a ~15 mV hyperpolarization in membrane potential
(Fig. 4 A). Falling ER Ca2þ levels gradually activate ISOC
(Fig. 4, B and D), and shortly after the initial hyperpolariza-
tion, the net current switches from outward to inward. This
causes a gradual depolarization of the membrane potential.
As [Ca2þ]i increases, the inactivation of the IP3R channels
catches up, leading to the eventual peak and decline of
[Ca2þ]i. The net current at the cell surface remains inward
and small, maintaining the slow rise in membrane potential.FIGURE 4 Model response to GnRH and apamin. GnRH
is modeled as an exponential increase in IP3 from 0.1 to
1mMfollowing the expression: x(t)¼ xfinal (xfinal xinitial)
exp(– (t – tonset)/tx), where x represents IP3 in this case, with
tx¼ 5 s. Apamin (Apa) is modeled by setting gSK to zero at
t ¼ 30 s. (A) Membrane potential. (B) Ca2þ-sensitive
currents ISK (upper trace) and ISOC (lower trace). (C and
D) Spatio-temporal profiles of [Ca2þ]i and [Ca
2þ]ER, respec-
tively. The spatial average of [Ca2þ] (Cav) and the [Ca
2þ]i at
the membrane CR are overlaid as thick black and thin
magenta curves, respectively. In panels C and D, r ¼ 0 is
the cell center and r ¼ 10 is the cell surface. Hot and cold
colors represent, respectively, high and low concentrations
on the color surfaces.Biophysical Journal 96(11) 4514–4524
4518 Fletcher and LiThis eventually leads to the resumption of AP firing and the
beginning of the second phase of the GnRH response
described in E2.
At elevated IP3 levels, the IP3R channels remain open,
preventing the ER from refilling. As a consequence, Ca2þ
gets extruded from the cell by PMCAs and the NCXs.
Resumption of AP firing provides a source of Ca2þ entry,
yielding a [Ca2þ]i plateau level that is higher than prestimu-
lus levels. At this point ISK activation has dropped from its
peak level. Since [Ca2þ]ER stays at a depleted level, ISOC
remains high. This results in an increased net inward current,
which causes the increased AP firing rate. Since the Ca2þ
plateau is higher than prestimulus levels, ISK contributes to
keeping the firing rate in check. Application of apamin
during this phase yields a further increase in firing rate and
drives [Ca2þ]i to a level slightly above the GnRH-induced
[Ca2þ]i plateau (Fig. 4 C).
Voltage-gated calcium entry during eachAP results in brief
rises in [Ca2þ]i near the membrane up to an amplitude of ~0.5
mM. The [Ca2þ]i profile at the membrane (thin magenta curve
in Fig. 4C) closely follows theAP profile, whereas the change
in Cav is slower and with smaller amplitude (thick black
curve). This is because the Ca2þ ions that enter the cell during
an AP are strongly absorbed by buffers and the ER store
everywhere inside the cell. As a result, these [Ca2þ]i transients
are strongly localized near the membrane. Note that CR is
larger than Cav during each AP, whereas CR is smaller than
Cav between APs due to the action of PMCAs and NCXs onBiophysical Journal 96(11) 4514–4524the cell surface. Such compartmentalized [Ca2þ]i signals are
generated naturally in the spatio-temporal model.
In cells pretreated with apamin, the application of GnRH
causes a cessation of firing but no hyperpolarization
(11,15). This feature was explained by invoking Ca2þ-depen-
dent inhibition of Id in LeBeau et al. (11), but other possible
explanations exist. One explanation is an incomplete block
of SK channels by apamin. This can be achieved in our model
by decreasing gSK to 5%of its original value (data not shown).
Another possibility is that there exists a population ofCa2þ- or
GnRH-activated potassium channels that are insensitive to
apamin. Examples of such channels shown to be present in
GnRH neurons include BK channels (27), GIRK channels
(14), and M-type potassium channels (28). As our goal is to
obtain a model of reduced complexity, we do not consider
such mechanisms here.
Responses to thapsigargin
When the effect of Tg is modeled, simulations show an
immediate rise, followed by a transient drop, and ultimately
a gradual rise in firing frequency (Fig. 5 A), consistent with
observation in Fig. 1 B. These changes can be explained by
the sequential activation of ISOC and ISK. Since the threshold
for activating ISOC is reached more rapidly than that for acti-
vating ISK, the initial transient behavior after Tg application
is an increase in firing rate. During the brief period that
follows, the increase in ISK is more rapid than the increaseFIGURE 5 Model response to Tg and apamin. Tg is
modeled by exponentially reducing the value of the
SERCA pump rate ne from 1.3 mm mM ms
1 to zero
with t ¼ 1.2 s using the expression for x(t) given in the
Fig. 4 caption. Apamin is modeled by setting gSK to
zero. Figure formatting is the same as in Fig. 4.
Modeling GnRH Neuron Electrophysiology 4519in ISOC, causing a decrease in firing rate. Each AP now
significantly activates SK channels, yielding the deep
AHPs. Then, ISK reaches a plateau as CR reaches a plateau,
wheras ISOC continues to increase. This results in the long-
term increase in AP firing rate. The occurrence of deep
AHPs after each spike despite the relatively smooth rise in
Cav (thick black curve, Fig. 5 C) is a clear indication of the
rapid, localized effect of voltage-gated calcium influx near
the membrane.
Responses to forskolin
Application of forskolin is modeled by an increase in INSC,
which causes a rise in firing rate (Fig. 6 A). There exists a
notable difference between the present result and that in Le
Beau et al. (11). In theirmodel, forskolin causes no observable
accumulation of Ca2þ in the cytosol or ER, whereas in our
model, there is a forskolin-induced increase in [Ca2þ]i and
[Ca2þ]ER. This result is consistent with the experimentally
observed effect of forskolin on [Ca2þ]i in GT1 neurons (see
E4). Although the increase in [Ca2þ]i is modest, there is a
significant overload of Ca2þ in the ER due to SERCA activity.
Fig. 6 D shows that this effect is most profound in the region
just underneath the PM. Such an overload of the ER reduces
membrane excitability by reducing ISOC. This becomes
obvious when forskolin is removed; a hyperpolarization of
~5mV occurs and persists until store Ca2þ leaks back to pres-
timulus levels, at which time spiking resumes (~90 s; not
shown). Such a hyperpolarization is a direct consequence ofhaving a residual level of ISOC at the unstimulated state. Diffu-
sion acts to spread the incoming Ca2þ into the cell, reducing
the [Ca2þ]ER at the membrane and thus reduces this effect.
Indeed, the hyperpolarization is maximal when DER is set to
zero (data not shown). The same behavior occurs when
a current injection is terminated. Thus, the model predicts
an apamin-insensitive mechanism for long-lasting AHPs in
cells that have some ISOC activated spontaneously.
Bursting mechanisms
The model predicts at least two qualitatively distinct types of
membrane potential bursting and the associated Ca2þ oscil-
lations. The inclusion of IP3R channel dynamics, with fast
activation and slow inactivation by [Ca2þ]i, allows for the
possibility of IP3-induced [Ca
2þ]i oscillations. The ampli-
tude, duration, and frequency of such oscillations can be
controlled by tuning Ca2þ handling parameters. Due to the
presence of SK channels, IP3-induced [Ca
2þ]i oscillations
periodically hyperpolarize the membrane potential, giving
rise to a bursting pattern (Fig. 7). The bursting is therefore
a periodic disruption of an otherwise continuously spiking
state. Application of apamin (modeled by setting gSK to
zero) prevents the periodic hyperpolarization, thus abolish-
ing this mode of bursting (data not shown). In that case,
the hyperpolarization is replaced by periods of increased
firing rate caused by increased ISOC. Note that the firing
rate during each burst is significantly higher than prestimulus
levels and increases from one burst to the next. This is causedFIGURE 6 Model response to Forskolin (Fsk). Fsk is
modeled by exponentially increasing in cAMP to 1 mM
with t ¼ 1.2 s following the expression for x(t) given in
the Fig. 4 caption. Washout of Fsk is modeled by instanta-
neously returning cAMP to prestimulus levels. Figure
formatting is the same as in Fig. 4.Biophysical Journal 96(11) 4514–4524
4520 Fletcher and LiFIGURE 7 IP3-induced bursting. IP3 application is
modeled identically to GnRH application, as described in
Fig. 6.The followingparametervaluesdiffer fromthose listed
in the Supporting Material: thi ¼ 2 s and P ¼ 0.5 pL ms1.
Figure formatting is the same as in Fig. 4.by the gradual depletion of the ER and the associated
increase in ISOC. Fig. 7 shows an example of oscillations
with ~8 s bursts, similar to the range of experimentally re-
ported burst durations (see E5).
A second mode of bursting was also produced that occurs
at basal levels of IP3. An example of such bursting is shown
in Fig. 8 A. In this case, the duration of each burst is 8 s, and
the period is 48 s. The peak firing rate is 11 Hz and drops to
3 Hz near the end of each burst. [Ca2þ]ER plays the role of
a slow variable, activating and inactivating ISOC. When
[Ca2þ]ER is high, ISOC is small and the membrane is hyper-
polarized. Ca2þ slowly leaks out of the ER, gradually acti-
vating ISOC, until it is sufficiently activated to initiate
spiking. Ca2þ entry during high frequency spiking refills
the ER, causing a reduction in ISOC and the termination of
the burst. Such a bursting mechanism has been previously
proposed by Chay in models of pancreatic b-cells (for
example, (29)). Note that the change in average Ca2þi is
modest (~100 nM) and highly localized to the PM, consistent
with the low-amplitude Ca2þ oscillations typically observed
in GT1 neurons (21) and placode-derived GnRH neurons
(3,4). During each burst, [Ca2þ]i is high enough to activate
some SK channels (Fig. 8, B and C), contributing to spike
frequency adaptation and burst termination. As a result, the
application of apamin in the model increased the number
of spikes per burst and the burst duration (data not shown).
This is consistent with a recent experimental report (20).Biophysical Journal 96(11) 4514–4524The store-operated bursting presented here is obtained under
the condition that ISOC is nonzero in the unstimulated state.
However, we do not think this is essential for this type of
bursting. By making the functional dependence of ISOC on
[Ca2þ]ER extremely steep (approximating a step function),
the bursting still occurs (data not shown). Both the electrical
and calcium oscillation profiles match the experimental
results described in E5.
THE SIMPLIFIED MODEL
The spatial description of Ca2þ dynamics is computationally
more complicated than previous models. A simpler model
that retains these benefits is needed to construct an integrated
model of electrical activities, calcium dynamics, and mech-
anisms for GnRH pulsatility. We present here a simplified
model in which [Ca2þ]i and [Ca
2þ]ER are time-dependent
only, representing a situation in which the cytosol and ER
are well mixed. Under this assumption, the membrane fluxes
can be thought of as being distributed everywhere in the
cell simultaneously. The model is thus reduced to the
following system of ordinary differential equations that
describe the whole-cell concentrations of Ca2þ in the cytosol
and ER,
dC
dt
¼ fcytbðjin  joutÞ þ fcyt
Vcyt

Jrel  Jref

; (5)
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dt
¼ fER
VER

Jref  Jrel

; (6)
where the J values now represent whole-cell fluxes. The
fluxes across the PM are rescaled by the factor b to convert
from the per-unit area fluxes required by the spatial model’s
boundary condition (jin and jout) to the whole-cell fluxes
desired here.
The simplified model is aimed at a phenomenological
reproduction of the [Ca2þ] at the cell membrane, CR, while
retaining a correct account for the Ca2þentry and its influence
on the whole cell [Ca2þ], C. We define CR ¼ Cþ Cm, where
Cm represents the contribution of rapidly varyingmechanisms
of the PM. These include a domain-like approximation of
[Ca2þ] due to the opening of L-type Ca2þ channels (similar
to the approach used in (30)), and Ca2þ removal due to
PMCAs and NCXs. The time evolution of Cm is governed by
tm
dCm
dt
¼ Cm;N  Cm; (7)
where Cm, N ¼ ra2 – KmC. Here, a is the L-Type Ca2þ
channel gating variable, and r and Km are free parameters
(1.46 and 0.123 respectively). Eq. 7 implies that the value
of Cm chases that of Cm,N exponentially with a time constant
tm (17 ms). The parameters have been chosen such that CR
rises with a time course that mimics the profile of C(R, t)
in the spatial model. When L-type Ca2þchannels are closed,
the effect of PMCAs and NCXs is to decrease CR compared
to the whole cell [Ca2þ] (i.e., C). The termKmC is added to
reproduce this effect; it allows Cm to be negative so that CR is
smaller than C in this case. Note that the quantity Cm does
not have a physical interpretation, serving only to phenome-
nologically reproduce the temporal profile of [Ca2þ] at the
membrane.
The simplified model yields all the same results as the full
model. As an example, we show in Fig. 9 the responses of
the simplified model to GnRH, Tg, and apamin. Note that
the profiles of CR and C in the simplified model responses
agree with those of the spatial model.
DISCUSSION
This article presents an integrated model of the electrical
activities and Ca2þ dynamics in GnRH neurons based on
two previous models (10,11). We aimed at simplifying the
previous models, while adopting a more realistic description
of Ca2þ dynamics. The number of ionic currents is reduced
by removing the M-type Kþ current and the T-type Ca2þ
current. In the channels we retained, we reduced the
complexity of the descriptions for INa and INSC. Overall,
the number of gating variables for the electrical activities
are reduced from 9 to 3. We have also added a realistic
description of IP3R channels, increasing the number of
gating variables by one. This added variable is only neces-
sary for the IP3-induced [Ca
2þ]i oscillations. A more realistic
description of intracellular calcium profiles is accomplished
through a spatial description of the calcium dynamics. The
computationally more complex spatial model is further
FIGURE 8 Spontaneous store-operated bursting. The
followingparametervalues differ from those listed in theSup-
porting Material: ka ¼ 15 mV, gCaL¼ 1.7 nS, L ¼ 0.004 pL
ms1, ne ¼ 2 mM pL ms1, and cAMP ¼ 0.5 mM. Figure
formatting is the same as in Fig. 4.Biophysical Journal 96(11) 4514–4524
4522 Fletcher and LiFIGURE 9 Response of the simplified model to GnRH,
Tg, and apamin. (A) Membrane potential and (B) cytosolic
Ca2þ response to GnRH and apamin, modeled as in the
spatial model (Fig. 5). (C)Membrane potential and (D) cyto-
solic Ca2þ response to Tg and apamin, modeled as in the
spatial model (Fig. 4), except that the SERCA pump rate ne
was reduced exponentially from 1.3 to 0.1 mm mM ms1.
In panels B and D, the lower red trace is the [Ca2þ]i at the
membrane, CR, whereas the thick black trace is the whole
cell [Ca2þ]i.reduced to a simplified ODE model. The previous model
included five more variables other than the gating variables.
This model includes only four additional variables: the
membrane potential, whole-cell [Ca2þ]i and [Ca
2þ]ER, and
Cm. Thus, the ODE model developed here is significantly
simpler than the previous models, and yet retains and extends
the ability to explain electrical activities and calcium
dynamics in GnRH neurons.
The currents we have omitted may play a role in some
aspects of GnRH function that we did not considered here.
They may act redundantly to achieve similar roles as are
played by some currents we have retained. For instance,
the M-type current, which has been shown to be activated
by GnRH (28), could help to hyperpolarize the cell during
the GnRH response. It would first help the SK current to
halt AP firing, then it would limit firing rate once AP firing
resumes. The T-type Ca2þ current has been implicated in
phasic firing in thalamic neurons. It has been suggested
that it may play a similar role in GnRH neurons (31).
Although bursting has been reported in a variety of GnRH
neuron preparations (2,18–20,32,33), no specific underlying
mechanism has been derived. A few kinds of [Ca2þ]i oscil-
lations have also been reported (3,4,12,13,21). As a byprod-
uct of modeling experiments outlined in E1–E4, the model
predicts two different mechanisms for bursting and the asso-
ciated [Ca2þ]i oscillations. The first involves IP3-induced
oscillatory Ca2þ release from intracellular stores. These
oscillations can exhibit both short (Fig. 7) and long periods
(23), and reach mM amplitudes. IP3-dependent [Ca
2þ]i oscil-Biophysical Journal 96(11) 4514–4524lations in adult GnRH neurons have indeed been reported
recently (12). The second bursting mechanism involves
store-operated Ca2þ entry. Bursting with both long and short
periods is possible with this mechanism. The amplitude
of [Ca2þ]i oscillations associated with this bursting is
approximately a few hundred nM, consistent with the ampli-
tude of [Ca2þ]i oscillations observed in experiments
(3,13,21). This mode of bursting requires voltage-gated
calcium entry, as has been reported for both GT1 neurons
(21) and placode-derived GnRH neurons (3). There has
been no experimental confirmation of such a mechanism in
GnRH neurons.
The two modes of bursting presented here have different
mechanisms for burst termination. The application of apamin
could be used to discriminate between them. The model
reveals that in bursting driven by IP3-induced [Ca
2þ]i oscil-
lations, apamin prevents the burst termination from occur-
ring. In store-operated bursting, however, the application
of apamin increased the number of spikes per burst, and
prolonged the burst duration. In fact, this has been reported
for GnRH neurons in slice preparations (20). Such a phenom-
enon may not be unique to store-operated bursting, and
perhaps could occur in some other forms of electrical
bursting that do not rely on SK channels for burst termina-
tion. Whether these two mechanisms actually occur in
GnRH neurons remains to be determined by experiments.
Models of other endocrine cells such the pituitary gonado-
trophs (24) and pancreatic b-cells (29) have revealed similar
types of IP3-induced and store-operated bursting.
Modeling GnRH Neuron Electrophysiology 4523The observed patterns of electrical activity show a high
variability in GnRH neurons. These have been broadly
classified as quiescence, tonic spiking, and bursting. There
are also several reports from long-term recordings of transi-
tions between them. A rich variety of timescales has been
exposed in these patterns and transitions between them
(2,18,19,32,33). A possible explanation for such a diversity
is provided by this model. By varying as parameters the
concentrations of cAMP and IP3, we can achieve transitions
between all three categories of electrical activities mentioned
above (data not shown). The relevance of such second
messenger-dependent transitions remains to be fully charac-
terized, and is the subject of ongoing study.
It appears that GnRH pulsatility is accomplished with
few close contacts or synapses between GnRH neurons (2).
The oscillations of intracellular Ca2þconcentrations in pla-
code-derived monkey and mouse GnRH neurons are not
synchronized with each other except for a few minutes
once every 20–50 min (3,4). These observations suggest
that the membrane electrical activities are synchronized
periodically by a mechanism independent of synaptic inter-
actions. [Ca2þ]i oscillations and hourly synchrony were
also observed in the nonneuronal cells in olfactory placode
cultures (34). However, the synchronization was reported
to be absent without GnRH neurons in such cultures,
suggesting a [Ca2þ]i oscillation-independent mechanism is
responsible for synchronizing these oscillations in both
GnRH neurons and nonneuronal cells. We suspect that it
is the mechanism that underlies GnRH pulsatility that
synchronizes these [Ca2þ]i oscillations, and not the other
way around.
One mechanism for GnRH pulse generation is reported in
cultured GnRH neurons and GT1 cells (7) and enzymatically
dispersed hypothalamic tissue cultures (5,35). These works,
along with evidence that GnRH neurons express GnRH
receptors (36–39), suggest that rhythmogenesis in this
system involves autocrine regulation of GnRH secretion by
its own release. Mathematical modeling studies demon-
strated that this mechanism is viable and robust (8,9). In
these studies, the plasma membrane electrical activities
were not a direct player for the pulse generation, and thus
their roles could not be fully elucidated. Our model could
facilitate the investigation of the roles of electrical activities
and the associated [Ca2þ]i oscillations in the generation of
GnRH pulsatility.
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